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Abstract. A survey is given of applications of the “string-inspired” worldline formal-
ism to the computation of amplitudes and effective actions in QED.
INTRODUCTION: QED IN FIRST QUANTIZATION
The “worldline” or “string-inspired” formalism is an alternative to the usual
second-quantized formalism in quantum field theory based on relativistic particle
path integrals. Although it was invented by Feynman [1,2] simultaneously with
modern relativistic second-quantized QED, until recently it was only occasionally
used for actual computations [3]. During the last few years, however, certain com-
putational advantages of the first-quantized approach were recognized which led to
a sizeable number of nontrivial applications.
Those recent developments were triggered by the work of Bern and Kosower,
who derived new rules for the construction of one-loop QCD amplitudes from the
infinite string tension limit of first-quantized string path integrals [4]. Strassler then
showed [5] that the corresponding formulas for the QED case can also be derived
from Feynman’s first quantized path integrals.
For the case of scalar QED, the basic formula is given in the appendix A of [1]. It
states that the amplitude for a charged scalar particle to move, under the influence
of the external potential Aµ, from point xµ to x
′
µ in Minkowski space is given by
∫ ∞
0
ds
∫ x(s)=x′
x(0)=x
Dx(τ)exp
(
−1
2
im2s
)
exp
[
− i
2
∫ s
0
dτ(
dxµ
dτ
)
2
− i
∫ s
0
dτ
dxµ
dτ
Aµ(x(τ))
− i
2
e2
∫ s
0
dτ
∫ s
0
dτ ′
dxµ
dτ
dxν
dτ ′
δ
µν
+ (x(τ)− x(τ ′))
]
(1)
That is, the amplitude can be constructed as a path integral over the set of all open
trajectories running from x to x′ in the fixed proper time s. The action consists of
1) Talk given at QED 2000, 2nd workshop on “Frontier Tests of Quantum Electrodynamics and
Physics of the Vacuum”, Trieste, Italy, Oct. 5-11, 2000.
the familiar kinetic term, and two interaction terms. Of those the first represents
the interaction with the external field, to all orders in the field, while the second one
describes an arbitrary number of virtual photons emitted and re-absorbed along the
trajectory of the particle. Here δµν+ denotes the photon propagator, e.g. in Feynman
gauge, δµν+ (x, x
′) = g
µν
(x−x′)2
. In second quantized field theory this amplitude would
thus correspond to the infinite sequence of Feynman diagrams shown in fig. 1.
+ + ...+ +
FIGURE 1. Sum of Feynman diagrams represented by a single path integral.
Feynman showed that, starting from this basic formula, the complete scalar QED
S-matrix can be constructed by writing a separate path integral for every scalar
line, open or closed, and interconnecting them by further photon insertions in all
possible ways. One year later he extended this work to the case of spinor QED
[2]; however, at the time no satisfactory way of computing these path integrals was
found, and the formalism seems to have had no impact on the further development
of quantum field theory.
N – PHOTON AMPLITUDES
We will now explain the “string-inspired” way of computing this type of path
integral. Only photon amplitudes will be considered in the present talk; while
the method applies also to external scalars/electrons [6], too few nontrivial com-
putations of such amplitudes have been done yet to judge the usefulness of this
extension. Let us start with the simplest case, one-loop N -photon scattering in
scalar QED. Rewritten for the case of a closed loop, and not taking internal photon
corrections into account, Feynman’s formula (1) turns into a representation of the
one-loop effective action for the Maxwell field:
Γ[A] =
∫ ∞
0
dT
T
e−m
2T
∫
Dx exp
[
−
∫ T
0
dτ
(
1
4
x˙2 + ieAµx˙
µ
)]
(2)
The path integral runs now over the space of closed trajectories with period T ,
xµ(T ) = xµ(0) 2. If we expand the “interaction exponential”,
2) The proper time parameter s has been rescaled and Wick rotated, s→ −i2T .
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exp
[
−
∫ T
0
dτ ieAµx˙
µ
]
=
∞∑
N=0
(−ie)N
N !
N∏
i=0
∫ T
0
dτi
[
x˙µ(τi)Aµ(x(τi))
]
(3)
the individual terms correspond to Feynman diagrams describing a fixed number
of interactions of the scalar loop with the external field. The corresponding N –
photon scattering amplitude is then obtained by specializing to a background con-
sisting of a sum of plane waves with definite polarizations, Aµ(x) =
∑N
i=1 εiµe
iki·x,
and picking out the term containing every εi once. This yields the following repre-
sentation of the N - photon amplitude,
Γ[{ki, εi}}] = (−ie)N
∫ ∞
0
dT
T
e−m
2T
∫
DxV Ascal[k1, ε1] . . . V Ascal[kN , εN ]e−
∫ T
0
dτ x˙
2
4
(4)
Here V Ascal denotes the same photon vertex operator as is used in string perturbation
theory, V Ascal[k, ε] ≡
∫ T
0 dτ ε · x˙(τ) eikx(τ). At this stage the path integral has become
Gaussian, which in principle reduces its evaluation to the determination of the ap-
propriate Green’s function. However a zero-mode given by the constant loops must
be removed first, which is done by fixing the average position xµ0 =
1
T
∫ T
0 dτ x
µ(τ) of
the loop. In scattering amplitude calculations the integral over x0 factors out and
produces the usual momentum conservation factor (2pi)Dδ(
∑
ki). The reduced path
integral
∫ Dy(τ) over y(τ) ≡ x(τ) − x0 can then be evaluated using the “bosonic”
worldline Green’s function GB,
〈yµ(τ1)yν(τ2)〉 = −gµνGB(τ1, τ2) = −gµν
[
| τ1 − τ2 | −(τ1 − τ2)
2
T
]
(5)
Using a formal exponentiation of the factors εi · x˙i’s, and “completing the square”,
one arrives at the following closed expression for the one-loopN - photon amplitude:
Γ[{ki, εi}] = (−ie)N(2pi)Dδ(
∑
ki)
∫ ∞
0
dT
T
(4piT )−
D
2 e−m
2T
N∏
i=1
∫ T
0
dτi
× exp
{ N∑
i,j=1
[
1
2
GBijki · kj + iG˙Bijki · εj + 1
2
G¨Bijεi · εj ]
}
|multi−linear
(6)
Here it is understood that only the terms linear in all the ε1, . . . , εN have to be
taken. Besides the Green’s function GB also its first and second deriatives appear,
G˙B(τ1, τ2) = sign(τ1 − τ2) − 2 (τ1−τ2)T , G¨B(τ1, τ2) = 2δ(τ1 − τ2) − 2T . Dots generally
denote a derivative acting on the first variable, and we abbreviate GBij ≡ GB(τi, τj)
etc. The factor (4piT )−
D
2 represents the free Gaussian path integral determinant.
The expression (6) is identical with the “Bern-Kosower Master Formula” for the
special case considered [4].
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In the spinor QED case, the path integral used in the worldline formalism is
somewhat different from Feynman’s original proposal [2], which involved Dirac
matrices. The modern version encodes the Clifford algebra combinatorics in an
additional path integral Dψ, representing the electron spin, which runs over the
space of Grassmann functions ψµ(τ) antiperiodic in the proper-time [7]. This allows
one to write the spinor loop equivalent of (2) in a formally analogous way [8]:
Γspin[A] = −1
2
∫ ∞
0
dT
T
e−m
2T
∫
DXe−
∫ T
0
dτ
∫
dθ
[
− 1
4
X·D3X−ieDX·A(X)
]
(7)
where Xµ = xµ +
√
2 θψµ, Y µ = Xµ − xµ0 , D = ∂∂θ − θ ∂∂τ ,
∫
dθθ = 1.
Up to normalization this super path integral agrees with the scalar path integral
above if all Grassmann terms are dropped. The appropriate correlator for the eval-
uation of the additional Grassmann path integral is 〈ψ(τ1)ψ(τ2)〉 = 12gµνGF (τ1, τ2),
with GF (τ1, τ2) = sign(τ1 − τ2). Its explicit evaluation can, however, be circum-
vented, using the following “replacement rule” found by Bern and Kosower:
Writing out the exponential in the master formula eq.(6) for a fixed number N
of photons, one obtains an integrand
exp
{}
|multi−linear = (−i)NPN(G˙Bij , G¨Bij) exp
[
1
2
N∑
i,j=1
GBijki · kj
]
(8)
with a certain polynomial PN depending on the various G˙Bij ’s, G¨Bij ’s, as well as on
the kinematic invariants. PN corresponds to the Feynman numerator in a Feynman
parameter integral calculation; the term in the exponent turns, after the execution
of the global proper-time integral, into the standard Feynman denominator. By
suitable partial integrations all second derivatives G¨Bij appearing in PN can be
removed, so that PN gets replaced by another polynomial QN depending solely on
the G˙Bij ’s,
PN(G˙Bij , G¨Bij) e
1
2
∑
GBijki·kj part.int.−→ QN (G˙Bij) e 12
∑
GBijki·kj (9)
Then the complete integrand for the spinor loop case can be obtained by simulta-
neously replacing every closed cycle G˙Bi1i2G˙Bi2i3 · · · G˙Biki1 appearing in QN by
G˙Bi1i2G˙Bi2i3 · · · G˙Biki1 −GF i1i2GF i2i3 · · ·GF iki1 (10)
(and multiplying by a global factor of −2). The result of the partial integration
procedure is not unique, but can be made so by requiring QN to have the full
permutation symmetry in the N photons [9]. As a bonus of the partial integra-
tion procedure, one obtains a maximal gauge invariant decomposition of the N -
photon amplitudes [9]. Up to the six-point case, the polynomials QN can still be
written quite compactly, and are given explicitly in [9]. The usefulness of Q6 for
the computation of the six-photon amplitudes is presently under investigation.
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N – PHOTON AMPLITUDES IN CONSTANT FIELDS
In this formalism, the inclusion of constant external fields requires only relatively
minor modifications [10–13]. For this reason it has been extensively applied to
constant field processes in QED [10,11,13–19].
Let us thus introduce an additional background field A¯µ(x) with constant field
strength tensor F¯µν . Using Fock–Schwinger gauge centered at the loop average
position x0 [10] we may take A¯
µ(x) to be of the form A¯µ(x) =
1
2
yνF¯νµ. The constant
field contribution to the worldline Lagrangian in the spinor QED path integral (7)
then becomes ∆L = −1
2
ieY µF¯µνDY
ν . Since it is quadratic in the worldline fields,
it can be taken into account by appropriate changes of the worldline propagators
and the path integral determinant. Those are (deleting the “bar”)
GB12 → GB12 ≡ T
2(Z)2
( Z
sin(Z)e
−iZG˙B12 + iZG˙B12 − 1
)
GF12 → GF12 = GF12 e
−iZG˙B12
cos(Z)
(4piT )−
D
2 → (4piT )−D2 det− 12
[
sin(Z)
Z
]
(Scalar QED)
(4piT )−
D
2 → (4piT )−D2 det− 12
[
tan(Z)
Z
]
(Spinor QED)
(11)
These expressions should be understood as power series in the Lorentz matrix
Zµν ≡ eTF µν .
Retracing the above evaluation of the N - photon amplitude in vacuum one
obtains the following generalization of (6), representing the scalar QED N - photon
scattering amplitude in a constant field [12,13]:
Γscal[{ki, εi}] = (−ie)N(2pi)Dδ(
∑
ki)
∫ ∞
0
dT
T
(4piT )−
D
2 e−m
2Tdet−
1
2
[
sin(Z)
Z
]
(12)
×
N∏
i=1
∫ T
0
dτi exp
{ N∑
i,j=1
[1
2
ki · GBij · kj − iεi · G˙Bij · kj + 1
2
εi · G¨Bij · εj
]}
|multi−linear
The transition from the scalar to the spinor QED case proceeds in complete analogy
to the above, except for the fact that in the external field case the path integral
determinants are different in both cases. The cycle replacement rule (10) remains
valid mutatis mutandis.
For example, in the vacuum polarization case N = 2 eq.(12) yields, after partial
integration and application of the “cycle replacement rule”, the following integrand
for the spinor QED vacuum polarization tensor in a constant field,
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Iµν = e−k·(GB12−GB11)·k
{
G˙µνB12k · G˙B12 · k − GµνF12k · GF12 · k
−
[(
G˙B11 − GF11 − G˙B12
)µλ(G˙B21 − G˙B22 + GF22)νκ + GµλF12GνκF21
]
kκkλ
}
(13)
Specializing to a Lorentz system where E = (0, 0, E) and B = (0, 0, B), the fi-
nal (Minkowski space) result for the on-shell renormalized scalar and spinor QED
vacuum polarization tensors in a constant field looks as follows [19],
Π¯µν
( spin
scal
)
(k) = − α
4pi
(−2
1
)∫ ∞
0
ds
s
∫ 1
−1
dv
2
{
zz′
sin(z) sinh(z′)
(
cos(z) cosh(z′)
1
)
e−isΦ0
× ∑
α,β=⊥,‖
[
s
αβ
( spin
scal
)
(ηµνα k
2
β − kµαkνβ) + aαβ( spin
scal
)
k˜µαk˜
ν
β
]
− e−ism2(ηµνk2 − kµkν)
(
v2 − 1
v2
)}
(14)
Here k‖ = (k
0, 0, 0, k3), k⊥ = (0, k
1, k2, 0), k˜‖ = (k
3, 0, 0, k0), k˜⊥ = (0, k
2,−k1, 0),
and the coefficient functions Φ0, s
αβ
scal/spin, a
αβ
scal/spin involve trigonometric functions
of the two variables z = eBs, z′ = eEs. This result can be shown to agree with
the field theory results of [20] (scalar QED) and [21] (fermion QED). A somewhat
different version of the same worldline calculation was presented in [18]. See [15]
for an application of (12) to the recalculation of the scalar/spinor QED amplitudes
for photon splitting in a constant magnetic field.
EULER-HEISENBERG TYPE LAGRANGIANS
Let us look more closely at the photonless case, i.e. the vacuum amplitude
in a constant field. At the one-loop level this quantity is described by the well-
known Euler-Heisenberg-Schwinger Lagrangians. In the present formalism, these
Lagrangians are essentially given by the determinant factors introduced above. For
example, the scalar QED path integral (2) turns, for a constant field in Fock-
Schwinger gauge, into an easily computable Gaussian path integral,
Γ[F ] =
∫ ∞
0
dT
T
e−m
2T
∫
Dx exp
[
−
∫ T
0
dτ
(
1
4
x˙2 +
i
2
exµFµν x˙
ν
)]
=
∫ ∞
0
dT
T
e−m
2T
∫
dx0Det
′−
1
2
P
[
− d
2
dτ 2
]
Det′
− 1
2
P
[
1 − 2ieF
( d
dτ
)−1]
=
∫ ∞
0
dT
T
e−m
2T
∫
dx0 (4piT )
−D
2 det−
1
2
[
sin(eFT )
eFT
]
= − 1
16pi2
∫
dx0
∫ ∞
0
ds
s
e−ism
2 e2ab
sin(eas) sinh(ebs)
(15)
where a2 − b2 ≡ B2 − E2, ab ≡ E ·B. The last line is Schwinger’s result [22].
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The two-loop generalization of the Euler-Heisenberg-Schwinger formulas, involv-
ing a single photon insertion into the scalar/electron loop, was obtained decades
ago by Ritus [23]. In [13,16] the case of the two-loop effective action in a purely
magnetic constant field was taken up again in the worldline formalism, both in
scalar and spinor QED. Following [24] in those calculations the denominator of the
insertion term
∫ T
0
dτa
∫ T
0
dτb
x˙(τa) · x˙(τb)
(x(τa)− x(τb))2
in (1), or its super analogue, was exponentiated through the introduction of a
photon proper-time integral. The total path integral is then still Gaussian, and
can be computed by Wick contractions using effective worldline propagators taking
both the external field and the photon insertion into account. The two-loop (on-
shell renormalized) effective action was then obtained in form of a two-fold integral
over T and the relative position of the photon endpoints on the loop. Those integrals
cannot be done in closed form, but the coefficients of the effective Lagrangian as a
weak field expansion in B2,
L(2) = α m
4
(4pi)3
(
eB
m2
)4 ∞∑
n=0
a(2)n
(
eB
m2
)2n
(16)
can be computed to any desired order, and it was in this way that the equivalence to
the results of [23] was established. The generalization of the worldline calculation
to a general constant field was done in [17].
More recently we have, for fermion QED, extended this work to the case of a
constant electrical field [25]. Although this case can be obtained from the magnetic
one by a trivial substitution of B2 → −E2, it is qualitatively different insofar as only
in the presence of the electric field the effective action acquires a nonperturbative
imaginary part, indicative of the possibility of pair creation [22]. The imaginary
part of the two-loop effective action was studied by Lebedev and Ritus [26]. Adding
their two-loop result to Schwinger’s corresponding one-loop result [22] one has
ImL(1) + ImL(2) ∼ m
4
8pi3
β2
∞∑
k=1
[ 1
k2
+ αpiKk(β)
]
exp
[
−pik
β
]
(17)
where β = eE
m2
. The function Kk(β) has the following small β - expansion,
Kk(β) = − ck√
β
+ 1 + O(
√
β), c1 = 0, ck =
1
2
√
k
k−1∑
l=1
1√
l(k − l)
, k ≥ 2
(18)
In [26] this was shown by an analysis of the analyticity properties of the parameter
integrals. In [25] a very different approach was taken to the construction of the
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imaginary part, based on a Borel summation of the weak field expansion. The
method itself will only be sketched here, since it is discussed in detail in G. Dunne’s
talk at this conference [27].
Using MATHEMATICA we obtained, from the parameter integral representation
given in [16], the expansion coefficients a(2)n in (16) up to n = 15. This turned out
to be sufficient for a reliable fit of the leading and subleading asymptotic behaviour
of the series, of the following form:
a(2)n ∼ (−1)n
16
pi2
Γ(2n+ 2)
pi2n
[
1− 0.44√
n
+ . . .
]
(19)
Due to the alternating behaviour of the series this implies that the weak field
expansion is Borel summable in the magnetic case. The expansion coefficients for
the electric field case differ from the magnetic ones by the absence of the factor
(−1)n, which destroys the Borel summability. However, the Borel sum of the
alternating magnetic series can be used to construct, by a dispersion relation, the
imaginary part of the corresponding non-alternating sum. In this way we rederived
from (19) the leading term in the expansion of the functionK1(β) appearing in (17),
and obtained a numerical value for its first subleading correction. Adding those
two terms to the leading term in Schwinger’s one-loop formula gives the following,
Im
(
L(1) + L(2)
)
∼

1 + αpi

1− (0.44)
√
2eE
pim2
+ . . .



 m4
8pi3
(
eE
m2
)2
exp
[
−m
2pi
eE
]
(20)
This means that, at the two-loop level, the subleading correction is much less sup-
pressed than at the one-loop level. It would be of obvious interest to know the
asymptotic behaviour of the higher order corrections, however to get reliable infor-
mation on them one would have to compute a much larger number of coefficients.
It is interesting to observe, though, that the pure magnetic or electric constant
fields are not the simplest ones which one can study in this context. The sim-
plest, albeit unphysical, case is the one of a self-dual Euclidean field, defined by
Fµν =
1
2
εµναβF
αβ. The self-duality implies that F 2 = −f1 where f = 1
4
FµνF
µν .
Here the integrands of the two-loop Euler-Heisenberg formulas become so simple
that the second parameter integral can be performed exactly, leaving only the global
proper-time integral. Let us write down the final result for the on-shell renormalized
self-dual two-loop effective Lagrangian in (Euclidean) scalar QED 3 [28]:
L(2)scal[f ] =
e2
(4pi)4
∫ ∞
0
dT
T 3
e−m
2T
( Z
sinh(Z)
)2{−4Z2 + 3m2T [1− γ + ln( Z
sinh(Z)m2T
)]}
(21)
(Z ≡ √feT ). Thus for this case it is considerably easier to obtain information on
the expansion coefficients, making it possible to push this analysis further [28].
3) Here we omit the irrelevant subtraction terms from wave function renormalization.
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GENERALIZATIONS
Finally, let me at least mention a few generalizations of relevance for QED which
could not be discussed here: The worldline formalism has been extended to the finite
temperature case in QED, both to the computation of theN - photon amplitude [29]
and of the QED effective action [30]. Other generalizations allow one to compute
vector-axialvector [31] and vector-pseudoscalar [32] amplitudes, and thus photon-
neutrino or photon-axion processes.
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